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Abstract 

It was suggested that light-cone superstring field theory (LCSFT) and matrix 
string theory (MST) are closely related. Especially the bosonic twist fields and the 
fermionic spin fields in MST correspond to the string interaction vertices in LCSFT. 
Since CFT operators are characterized by their OPEs, in our previous work we 
realized the most important OPE of the twist fields by computing contractions of 
the interaction vertices using the bosonic cousin of LCSFT. Here using the full 
LCSFT we generalize our previous work into the realization of OPEs for a vast 
class of operators. 
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1 Introduction 



Search for a fundamental field-theoretical formulation of string theory began in the old days 
of dual resonance models. However, none of these attempts have been completed yet for the 
superstring theory. 

The light-cone superstring field theory (LCSFT) is the most successful formulation thus 
far and was first constructed in [T],[2]. The starting point is the Green-Schwarz action in the 
light-cone gauge. Out of the action we can construct the free Hamiltonian Hq and two free 
supercharges Qq, Qq, which satisfy the supersymmetry algebra: 

{QlQ'o} = mQo} = '^S''Ho, (1.1) 
[QlHo\ = [QlH,]=0. (1.2) 

The interaction terms are added to these charges so that the total charges satisfy the same su- 
persymmetry algebra order by order. Namely, we construct the interaction terms by replacing 
the free charges Hq,Qq, Qq in fll.lj) . 01.21) by the full order charges 

H = Ho + g,H, + --- , (1.3) 
Q' = Q'o + 9sQi + --- , (1.4) 
Q' = Q'o + 9sQi + --- , (1.5) 

and determining the interaction terms order by order. The result for the first order interaction 
terms is 

\H,)u3 = Z'Z'v^'{Y)\V)u3, (1.6) 
mu3 = Z\s'\Y)\Vh23, (1.7) 
mi23 = Z'~s''iY)\V)u3- (1.8) 

Here \V) 123 is the kinematical three-string interaction vertex constructed by the overlapping 
condition and (Z*) is the holomorphic (anti-holomorphic) part of the bosonic momentum 
at the interaction point, whose divergence is regularized: 

(P'''' + ^X«^')(aO|V^)i23 - ^ 'l^-tZ^^ Z^\Vh,3, (1.9) 
V 27rai ) 47rV-«i23Vkint - 

with ar = Pr, «i23 = aia2«3 and dint being the interaction point. We take the range of (Xi to 
be — vrai < o"i < nai, which implies dint = ttoi for ai ~ vrai and (Tint = — vrai for ai ~ —nai, 
respectively. e(x) is the step function and defined by e(x) = +1 (—1) for x > (x < 0). 
Similarly, Y"" is the regularization of the fermionic momentum at the interaction point: 

A«'^(ai)|r)i23 ~ — ^^=^^^=Flr)i23, (1.10) 
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and the prefactors v^^{Y), s^°'{Y) and s*°(y) are functions of and were originally given in 
complicated forms. Here we find that these functions can be simply put into the hyperbolic 
functions: 



v^\Y) = [cosh f] 

= zy3^[sinhf] 
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:i.ii) 
:i.i2) 
:i.i3) 



where we have constructed gamma matrices with spinor indices 7" out of the standard gamma 
matrices with the vector indices 7* using the triality of S'0(8) and defined as 



J 



-"123 



%a 
fa^ 



(1.14) 



with if = e~T. Note that the indices of the functions in fll.lll) - fll.l3l) are consistent because 
cosh is an even function while sinh is an odd one. For more details of the prefactors, see 
Appendix A. As pointed out in [1], these quantities satisfy the following Fourier identities: 



[cosh XY 
[sinh X] ' 



"123 



[cosh ^] 



—I 



"123 



paya 



[sinh 



"123 \ / t8j, fli^y r • 



[sinh ^] ' 



(1.15) 
(1.16) 
(1.17) 



which will play important roles in our following computation. The program of constructing 
the interaction terms is successful at the first order, though it is too complicated to proceed 
to higher orders. 

Recently, there is a significant breakthrough in the construction [3|. The point is to relate 
LCSFT to another formulation of the superstring theory known as matrix string theory (MST) 
[HE]. MST stems from the matrix formulation of light-cone quantization of M-theory [6] and 
takes the form of the maximally supersymmetric Yang-Mills theory. To relate MST to the 
perturbative string, we note that the Yang-Mills coupling constant qym is related to the string 
coupling constant Qs and the string length ^fa' by (^ym ~ QsVa'. Hence, the free string limit 
corresponds to the IR limit and the first order interaction term to the least irrelevant operator. 
From the requirement of the dimension counting and the locality of the interaction, we expect 
that the first order interaction term is a dimension three operator constructed essentially out of 
the bosonic twist fields and the fermionic spin fields. The interaction term of MST is proposed 
to be [5] 



(1.18) 
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where t*(z) is the excited Z2 twist field defined as 

ax'(z) •a(0) ~ ^r*(0), (1.19) 

with oi^z) being the elementary Z2 twist field. Since the holomorphic part of the twist field does 
not completely decouple from the anti-holomorphic part due to the zero mode contribution, 
we combine them with the square parenthesis in (11.181) . S*(2;) and YP'i^z) (which will appear 
later) are the spin fields for the Green-Schwarz fermion Q^-i^z). The indices m and n of the 
twist fields denote the string bits where the "exchange" interaction takes place. 

Now we can find a close analogy between (II. 6p and (ll.lSp and between (II. 9p and (ll.lQp . if 
we regard [(T0"](2;,z) as |l^)i23 and [r*f-^](z,z) as Z^Z^\y)\2-i- Following this analogy between 
LCSFT and MST, two supercharges of MST were written down explicitly in [7]: 

= E / ^1 = E/ ^^([^^^]S^S")™,n' (1-20) 

m,n m,n 

and the supersymmetry algebra was checked. These arguments of supercharges are consistent 
with the pioneering argument in [5] and with the relation between LCSFT and MST proposed 
in [3]. 

After observing the analogy between LCSFT and MST, we would like to establish the 
correspondence next. Since operators in conformal field theory are characterized by their 
OPEs, we need to reproduce the OPEs in terms of LCSFT in order to completely confirm 
the correspondence. In our previous work [8], we assumed the correspondence between the 
bosonic cousin of LCSFT 

|i7b--)l23 = |r'^),23, (1.21) 

and the "bosonic" version of MST [9J 

<^°'^ = E/^^([^^])^,n' (1-22) 

and reproduced the OPE of the twist field 

\oa\{z^z) . [aa](0,0) ~ ' (1.23) 

by computing the corresponding contractions of the string interaction vertices in the bosonic 
LCSFT. On the LCSFT side, it is well-known that the first order interaction vertex in the 
bosonic LCSFT (ll.2ip takes the same form as that in the full LCSFT, if we drop the prefactors 
and pick up the bosonic sector in the kinematical interaction vertex |V)i23. The superscript 
"b" in (ll.2ip denotes that we pick up the bosonic sector. On the MST side, of course there is no 
nonperturbative justification for the bosonic MST, but the interaction term (11.220 looks nat- 
ural considering the correct dimension of the operators [era] and the correspondence between 
\ac)\{z,z) and \V)yiz- 
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Since the string interaction vertex describes both the processes of one string sphtting into 
two strings and two strings joining into one string, there are two diagrams which correspond 
to the OPE (11.231) . One of them is a tree diagram with two incoming strings and two outgoing 
strings of the same string lengths, while the other is a one-loop diagram with one incoming 
string and one outgoing string. (See Fig. 1 and Fig. 2 in the following sections.) For the two 
realizations of the OPE, the corresponding contractions of the interaction vertices are given 

by 



(i?^|25(i?^|e-^(^°'-^^°')-^(^°^'+^"^V^)l23|^^)456. (1-24) 



We found that both the contractions of the string vertices give exactly the same singular 
behavior expected from the OPE (ll.23p . 

Though the correspondence seems to work well also in the bosonic case, the action (11.221) 
still lacks justification. In this paper we would like to return to our original motivation of 
investigating the correspondence in the supersymmetric case, where we typically have to deal 
with the prefactors. First, we repeat the computation of the bosonic sector. In order to 
reproduce the OPE 

[rV](.,.-).[r^a](0,0)~^^^^j^^, (1.25) 
in terms of LCSFT, from the correspondence dictionary we need to consider two contractions: 

36(i?'|e-^(^°''+^°''^Zi23|V^')l23^456l^')456, 

14(i?l25(^1e-^(''«''+^«'')-^(^o''+^o'')zi23|yb)l23^4'56l^')456 (1.26) 



for the tree diagram and the one-loop diagram. After the computation in the bosonic sector, 
we shall proceed to the fermionic sector. Among various OPEs of the spin fields, we would 
like to concentrate on the realization of the OPE 

i:Hz)i:Hz) ■ s'=(o)s'(o) ~ (1.27) 

This OPE corresponds to the fermionic parts of the contractions between two first order 
Hamiltonians \Hi) in LCSFT: 

36(i?'|e-^(''o''+^o'')[cOshri23]'>Ol23[cOshr456]'V0456, 

u{R%,{R'\e-^^^'''^''^''^'^-^^^^^^^ (1.28) 

The superscript "f" denotes that we pick up the fermionic sector. Comparing with the previous 
case of (11.241) . we note that in the computation of (I1.26P and (11.281) we have to deal with the 
prefactors or [cosh^]*-^. 
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Since both the reflector and the interaction vertex basically take the Gaussian form, we 
will utilize the Gaussian convolution formula in our computation. The bosonic case of the 
Gaussian convolution formula is well known and can be found, for example, in [8]. For the 
fermionic oscillators Sm, satisfying {Sm, S^} = 6m,n, the formula reads 

(0| expQs^MS + k^S^ expQs^^A^S^ + l^S^^ |0) 

= Vdet ( 1 + MN) exp(l-k^N- — + h^- + — \y^k] . (1.29) 

To deal with the bosonic prefactor ^{23-^456 in f ll.26p . we need to introduce the source term 
e/^i23-^i23+/5456^456 ^ takc thc derivative with respect to jd and finally set /3 = 0. However, the 
fermionic prefactor [cosh /i23]*-' [cosh ^456]^^' in (11.281) looks much more complicated than the 
bosonic one Z\22,Zt^Q- Fortunately, using the Fourier transformation of the prefactor (11.151) 
we can compute the contractions with the simple source term e^iaa as in the 

bosonic case and perform the integration afterwards. The surprise is that, although the right 
hand side of (I1.29P consists of the bilinear terms of the sources k and Z, after the computation 
we find that the bilinear terms of do not appear in the final result. Therefore, in the 
integration we can apply (ll.lSp once again and write down the answer explicitly. 

The contents of the present paper are as follows. In the next section, we recapitulate 
some ingredients of LCSFT, which will be necessary in our computation. After the review 
we proceed to the computation of the contractions of the string interaction vertices which 
correspond to the OPEs. We first compute the contractions of the tree diagram in Section 3 
in the ordering of the bosonic sector and the fermionic sector. Then we turn to the computation 
of the one-loop diagram in the same ordering in Section 4. Finally we conclude our paper with 
some comments. Appendix A is devoted to our new notations of the prefactors. In Appendix 
B we collect several relations of the Neumann coefficient matrices and prove some preliminary 
formulas for Appendix C. In Appendix C we evaluate the small intermediate time behavior of 
some Neumann coefficient matrix products. In Appendix D we collect some formulas for the 
gamma matrices. The results in the appendices are necessary at each stage of our diagram 
computation. 



2 LCSFT 

In this section we would like to recapitulate some ingredients of LCSFT, which are necessary 
in the computation of following sections. The first order interaction terms are expressed by 
the three-string Fock space and given by ^ 

|i/l)l23 = Z^Z^'[cOshf]'»i23, (2.1) 

|gt)i23 = v^=^Z^[sinhf]'V)i23, (2.2) 
|gt)i23 = ^v/^^Z'[sinhr]''|\/)i23. (2.3) 
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Here the kinematical interaction vertex |V^)i23 = 1^*^(101, 2^2, S^g)) |V"^(lcji, 2^2, 303)), deter- 
mined by the overlapping conditions of strings, is given by 

|\/^(1„,,2„2,3„3)) = J 5\l,2,3)e^'^^''\p,)MM3, (2.4) 

\V'iU,,2^„3^,)) = J 5f(l,2,3)e^'|Ai)i|A2)2|A3)3, (2.5) 

with the zero-mode deha functions being 

5^(1, 2, 3) = / d«Airf^A2(i'A35'(Ai + A2 + A3), (2.7) 



and the oscillator bilinears (and its anti-holomorphic cousin E^) and E^ given by 

^ l^(12)tT^12,12^(12)t ^ ^(12)tT^12,3^(3)t + i„(3)tT^3,3^(3)t 

2 2 

+ (Arl2Ta(12)t + Ar3T^(3)t)p^^^ _ ^p2^3, (2.8) 

2a;i23 

^ l^{12)tT^jyj 12,12^(12)1 _^ 5(12)tT^jyjl2,3^(3)t _^ 1 5(3)tT ^jyj 3,3^(3)t 

- V^Ai23 (iVl2T^II(12)t ^ ^3T^II(3)t) _ (2.9) 

The explicit forms of the building blocks of the prefactors and Y"-, defined in ( II. 9p and 
f ll.lOp . are given by 

3 oo 

Z' = Pl,3 - ai23 E (2-10) 



a., 

r=l n=l ' 

3 oo I 

>^'^ = A?23-^EEv^^n^-^"- (2-11) 

^ r=l n=l ' ^ 



Our notation for the bosonic part is exactly the same as those in our previous work [8j. 
Hence, we shall only explain our notation for the fermionic part in detail. We define the zero 
mode A^23 to be A^23 = aiAg — a;2A", and adopt the matrix notation for the infinite nonzero 
modes of the fermionic oscillators sHi ^"" and Sm^^^"" satisfying 

roI(r)a ql{s)bx _ >r rr,sra,b r r.II(r)a cll(s)fel _ r rr,sra,fe f ql{r)a cll(s)fel _ r, 

(2.12) 

and S^^"'\Xr)r = Sm^^^"'\Xr)r = (m > 0) ou the vacuum ket-state \Xr)r- We first rewrite the 
fermionic oscillators sUl^"" and Sm^^'^"' into the vector forms (m > 0) 
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Then we combine the fermionic oscillators of the incoming/ outgoing strings as 

^I(12)T ^ ^5l(l)T 5l(2)T-J ^ ^II(12)T ^ ^5lI(l)T ^II(2)T^ ^ (^2.U) 

and finally pair up the oscillators with the index I and the oscillators with the index II: 

5(12)T ^ ^^I(12)T 5lI(12)T-J ^ ^(3)T ^ ^5l(3)T ^II(3)T^ _ ^2.15) 

Correspondingly, we repeat the same manipulation for the Neumann coefficient matrices. 
The Neumann coefficient matrices for the fermionic oscillators 7V^'*, N'^ are constructed out 
of those for the bosonic oscillators N'^'^, iV by 

N"-'' = {C/ar)^N^''{C/as)-K N"- = (C/q;^)5JV^ (2.16) 

We combine the Neumann coefficient matrices of the incoming/outgoing strings by 

(2.17) 

and pair the Neumann coefficient matrices for the fermionic oscillators with the index I and 
those for the fermionic oscillators with the index II: 

(2.18) 

Using the matrix notation, the fermionic part of the reflector (-R(3, 6) | = {R^{^, 6) | (-R^(3, 6) | 
is expressed as 

(it:^(3,6)| = J 5^(3,6)3(A3|6(A6|exp (^^S^''^^ RS^^'^y (2.19) 

with the vacuum bra-state satisfying r{K\S^lll = r{K\S^lm = ^-iid (A|A') = S^{X — A'). Here 
the fermionic oscillators are defined as S*^36)t = (Sf(3)T 5'(6)t^ ^j^g matrix R is given by 

where the matrices 1 and in [S^] denote the infinite-dimensional unity matrix and the 
infinite-dimensional zero matrix respectively and are the Neumann coefficient matrices for the 
oscillators with the indices I and II. 



3 Tree Amplitude 

After the recapitulation of LCSFT in the previous section, we would like to proceed to realize 
various OPEs using the string interaction vertices. As explained in the introduction, we have 
two ways to realize the OPEs. This section will devote to the calculation of the four-point 
tree diagram with two incoming strings 1 (with length ai(> 0)) and 2 (with length «2(> 0)), 
joining and splitting again into two outgoing strings 4 and 5 of the same length as 1 and 2, 
respectively. (See Fig. 1.) 
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Figure 1: Four-string tree diagram. 

3.1 Bosonic sector 



Let us start with realizing the OPE 

[r^a]iz,z)-[r'am- ' , ,,, , (3-1) 

with the tree diagram. For this purpose, we shall consider the bosonic effective four-string 
interaction vertex 

|A^(1,2,4,5)) = (i?^(3,6)|e~ra(^o ) 

^ -^123l^^(-'-ai' 2a25 3a3))^45g|V^''(4_Q,j, 5_a2, G-cg)). (3-2) 

Comparing the OPE (13.11) with fll.231) . we have an extra factor of 1/z. Therefore, we expect 
that the extra prefactors Z^23-^456 effective four-string vertex 174*^(1,2,4,5)) induce an 

extra 1/T factor in the limit T — > +0. Here note that we can identify the relative distance in 
z as the relative distance in T. 

For the computation of the effective four-string interaction vertex |A^(1, 2, 4, 5)), it is 
sufficient to consider the generating function 

|/i;^(l,2,4,5)) = (i?^(3,6)|e"ra(^o''+-^o'') 

xe^-3^-3+^«o^«6|yb(i^^^2„„3„3))|V^^(4_„„5_,„6_„3)). (3.3) 

The computation is almost the same as that performed in [8]. The only difference is the source 
term, but the effect can be easily absorbed by completing the square. The result is given as 

|AJ(1,2,4,5)) = (det)-«| 5^(1,2,4,5)6^^(1'^'^'^) 

X e/3l232l23+/34562456 + |(/3?23+/3|56)'^2+/3l23/3456te|p^^^|p2^2|p^^^|p^^^ (3^4) 
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where various expressions are 



det = det 



/i = exp 



^"(1,2,4,5) 



l-{e 



)1 



1 5 1 


T 


~ 2 12 /i6 





3 1 \ 3 

To = ^ a* log 
(i'^Pi cPp2 d^P4, (fip5 



\at\ 



lim F*^(l,2,4,5) = -(a(i2)tT«(45)t + ^(i2)tT-(45)n_(^ )2 ^ 

- (pi + p4)a3Ar3T(iVl2.3)-l(«{12)t + „(45)t + ^(12)t + ^(45)t) ^ 



5 = a2^3T ^ _ (^3,3)2)-i^3 _ 3 log 



T 



(3.5) 
(3.6) 
(3.7) 

(3.8) 
(3.9) 



which have aheady appeared in [8]. Here we drop the subscript T in 6^ of [8], because all the 
quantities depend on T. The new effect of the source term is taken care of by 



^123 = (1 - ai)Pi23 - &1P456 - a^a^^^^^ + a^^'''>\ 
Z456 = -&1P123 + (1 - ai)P456 - + a^a(^5)t^ 

with various new quantities defined by 

a, = a,,,N^^{C/a,) o (l - i^N^,^)l)-' N^^^ o N\ 
h = a,,,N^^{C/a,)o{l-{N''^f:)-'N\ 
a, = {ar2,fN'''{Cla,) o (l - (iV^'^)^)-!^^^'^ o {C/a,)N\ 
n23?N'\C/as) o (l - {N''ro):\c/as)N\ 
n23[N''\C/a,,) + N'^{C/a,) o (l - (iv3.3)2)^-i^3,3 ^ ^3,12 



h2 
a" 



a,,,N'^{C/as)o{l-iN''rXy'''- 



(3.10) 
(3.11) 



(3.12) 
(3.13) 
(3.14) 
(3.15) 
(3.16) 
(3.17) 



Here o denotes the matrix multiplication with e i^si'" inserted and (1 — {N^'^)l)^ ^ is defined 

by 

(1 - iN^'^)l)~^ = 1 + N^'^ o N^'^ o +Ar3,3 Q ^3,3 Q ^3,3 Q ^3,3 o + . . . . (3.18) 
Note that Cjayi is the bookkeeping notation for 



C/ai2 



(Cja^ 
V C/a2 



(3.19) 



and should not be confused with 0123 = 010203. To get back to the effective four-string 
interaction vertex |y4^(l, 2, 4, 5)) we need to take the derivative of the generating function 
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\A^J1, 2, 4, 5)) and set /? = finally: 



|A^(1,2,4,5)) 



_d d_ 



1^5(1,2,4,5)) 



(3=0 



(^^^= + 21232^1^5(1, 2, 4, 5)) 



/3=0 

(3.20) 



Let us take the short intermediate time limit T —>■ +0 hereafter to reproduce the OPE 
(13. ip . Note that the nonzero- mode part of the refiector already appears correctly in ( 13. Sp and 
no extra contributions from the prefactor (I3.10p and (13. lip are added to the nonzero-mode 
part because of limr^+o = hm^^+o & = ( IB.Op . as proved in Appendix B.2. Hence, we 
shall concentrate on the zero-mode contribution. Using 



^123 ~ 



-^456 ~ 



-bia'siPi+PiY 



(3.21) 



which can be shown with lim2'^+o(l — o-i — &i) = ( IB.Op . the zero- mode part of the effective 
interaction vertex 1^*^(1,2,4,5)) is given as 



1^^(1,2,4,5)) 



(M'' + (&ia3)'(pi +P4)'(pi +P4)'))e-'(Pi+P^)'5^(pi +P2 +P4 +P5) 



(has) 



2b 



rik 



e-biPi+P4fS\pi+p2+PA + P5) 

(3.22) 



In the last line we have picked up the most singular term using the short intermediate time 
behavior of b (13. 9p . bi fIC.Sp and 62 (IC9p . The behavior of 62 in the short intermediate time 
limit T +0 is 62 ~ "~cn23/(2T). Since we have an extra 1/T factor compared with the case 
with no prefactors, this result is exactly what we have expected from the OPE (13. ip . After all 
the final result is given as 



|v4''(l,2,4,5)) ~2-ir7r-V^|ai23|5 



s6 



ik 



T3 



log 



T 

l"3| 



|i?^l,4))|i?^(2,5)). 



(3.23) 



3.2 Fermionic sector 

In this subsection we would like to realize the OPE 

^\z)i:'iz) ■ S*^(0)S^(0) ~ (3.24) 

in terms of the string interaction vertex. This OPE corresponds to the fermionic part of the 
contraction between two first order Hamiltonians Hi ■ Hi. Therefore, we shall compute the 
fermionic effective four-string interaction vertex 

|v4^(l,2,4,5)) = (i?'(3,6)|e"ra(^o +^0 ) 

X [cosh fi23] 2a2, ^a,)) [cOsh ^455] ' V(4-ai , S-a^ , S-aa))- (3-25) 
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Due to the Fourier transformation formula fll.lSp . we can evaluate the effective four-string 
interaction vertex 1^4^(1,2,4,5)) by the generating function 

14(1,2,4,5)) = (i?^(3,6)|e-^(^«''+^«'') 

xe^('^^^^''^^^-'^-'^^-«Vf(l„„2„„3«3))|\/^(4_,„5_,„6_„3)). (3.26) 

In order to calculate the generating function \A^^{1,2,4,5)), we first rewrite the reflector and 
the interaction vertices into the following expression: 

(i?^(3,6)|e-^(^»''+^»'') = 1 6\3,6h{XMX6\exp (^^S^''^^ M S^^'^^ (3.27) 
= J 5^(l,2,3)5U5,6)expQ5(=^^)tT^5(^6)t + ^T^(36)t + p^|^^^^|^^^ (g ^g) 

with = (5^=^) 5(6))^ 5(1245) ^ (^(12) 5(45)) 

^[S^A .~r_f[N?^' 



= 5(l^^^)tT |^[iVF'^ P^t) - ('/'l^S A123 ^0456 .A456)iV='^ (3.30) 

p _ 1 Q(1245)tT /[iVj^^AS \ jj(i245)t 

-V^(0123 Al23 #456 ^A456) iV^'^^^''"'^^ + ^(0123Al23 - 0456A456). (3.31) 

CH23 

Then the calculation can be easily done with the help of the fermionic Gaussian convolution 
formula fll.29p . The result is given as 

14(1,2,4,5)) = (det)^! 5^(l,2,4,5)e^(*^-^"^-'^««^««)e^'(i'2,4,5)|^^^^|^^^^|^^^^|^^^^^ 

(3.32) 

with various expressions defined as 

j 5\l, 2, 4, 5) = j d^Xid^\2d^\id^X55%\i + A2 + A4 + A5), (3.33) 

F\l, 2, 4, 5) = i5(1245)tT^5(1245)t + fcT5(1245)t^ (3 34) 

3^123 = (1 - ai)Ai23 - &1A456 - -^5^(^')t^(C/ai2)-^a + -^S'^'''^^^ {C/aur'^b, (3.35) 
3^456 = -&1A123 + (1 - ai)A456 + -^5^(i')tT(^/^^^)-i^ _ ^s'^^^)^^ {C / au)-'- a. (3.36) 
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Here the effective Neumann coefficient matrix M and are given as 



--(-'^Vl'^D' l-lK^"0> l-l^(^'o> (3-) 
^^ = -^2(0 Ai23C/^-«3(Ai + A4)y^ ^(A456C/^ + a3(Ai + A4)F^)), (3.38) 

with the building blocks being 

A = iVl2.12 + iVl2,3 ^ ^3,3 ^ (1 _ ^^3,3)2^,-1^3,12^ (3 39) 

B = N^^'^ o (1 - {N^^^)l)^^ N^^^^ , (3.40) 
[/ = iv'' + iVi2,3 ^ (1 _ iV3'3);^iv', (3.41) 
V = iVi2.3 o (1 - (iV3'3)2)^iiv'. (3.42) 

What is surprising in this result fl3.32p is that although in the bosonic case we find the linear 
source term /3 induces the squared source term in the final result fl3.4p . the squared source 
term 0^ is absent in the current final result fl3.32p . The reason is that both the Neumann 
coefficient matrix in the interaction vertex fl2.18p and that in the reflector fl2.20p connect 
the oscillators with the index I and the oscillators with the index II, but in the Fourier 
transformation formula (11.151) the source (f) only couples to the oscillators with the index I. 
Due to this fact, we can perform the integration without difficulty. After performing the 
inverse Fourier transformation fll.lSp for the result of the generating function |y4^(l, 2, 4, 5)) 
(I3.32p . we find the effective four-string interaction vertex 1^4^(1,2,4,5)) itself is given by 

1^^(1,2,4,5)) = (det)«y" 5^(1,2,4,5) 

X [cosh^i23]''[cosh^456]"e^'(i'2'4'^)|Ai)i|A2)2|A4)4|A5)5. (3.43) 

Note that the kinematical overlapping part in the short intermediate time limit T — > +0 
is given as 

lim .4 = 0, lim S = 1, lim U = 0, (3.44) 

T-^+O 

^hm^ V = {C/au)HN'''T'^' = - y (C/«i2) M(^2)t^-i^^ (3 

which implies 

lim F^(l,2,4,5) = ^(5i(45)tT^ii(i2)t _ 5i(i2)tT^ii(45)t) 



v^a3(Ai + A4) ^lim^ F^(z5"(^^)t _ 511(12)!)^ (3.45) 



while the singular behavior of the prefactors are 

3^r23 ~ -K56 ~ r = hasiX, + \,r, (3.47) 



12 



if we use the short intermediate time behavior of 1 — ai, bi, a and b in fIB.Qp . Since we have 
normahzed Y by v^— 0123 as in (11.141) . the result of fl3.47p imphes 

^456 = ^^7^*^56^ ~ -^=V*{-y'^23)r = ^123, (3-48) 

where the phase i induce the effect of the transposition: 

[cosh 2^23]"'= [cosh ^123] (3.49) 

To reproduce the tensor structure of the most singular term in the OPE fl3.24p . let us first 
rewrite the prefactors into 

[cosh^i23]'' [cosh^i23] = ^ E ^-^i 7^^-"'" (cosh ^237'="-"'" cosh ^23)^,, (3.50) 

m=0 

and then expand the hyperbolic functions into polynomials to study the singular behavior of 
each term. Here in (I3.50p we have used the Fierz identity 

(-l)\M\\N\ 8 /_-^am(m-l) 

MabNcd = Yl T2D'"'iNr-'-M)cB, (3.51) 

with ^^i'"^™ = ^['^i ■ ■ Note that from the index structure of ^il'"'^"', the summand of 

f l3.50p is non-vanishing only when m is even. 

Since y is the only singularity, the more 3^'s we have, the more singular the expression is. 
In order to extract the coefficient of the most singular term {p + q = 8) 

y^i...y'^pybi...yb, = ^a^-a,b^-b,^8^y^^ 58^3;) =3;!... 378^ (3.52) 
we note the formulas [TU] 

J_gai-apf)i -6,^61-6, ^ (_X)5P(P-l)^«i-'^P^g^ (3.53) 

^ L_ ^a,-a^^c,-cm^a,-aj, ^ A^Y'"'""', (3-54) 

pl 

with 79 and dp^rn defined by 

79 = 7' ■ ■ - 7' = ('^J _° .) , (1 + x)'-"(l - xr = pyin,^x^. (3.55) 

There are lots of useful formulas of dp^m- We collect some of them in Appendix D, which are 
necessary in this paper. Using the formulas (I3.53p . (13.541) and flD.5p . we find the most singular 
part of the prefactors is given as 



[cosh A23]'' [cosh^i23]'' = 16iy^S,k5ji6'{y) + 0{y'), v = \I^—V*- (3.56) 

-«123 
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This extra fermionic delta function will eliminate the extra term in F^(l,2,4, 5) (13.461) and 
turn I 2, 4, 5)) into two reflectors 

|Af(l,2,4,5))~2f/xl|ai23|-^^|i?'(l,4))|i?f(2,5)), (3.57) 
as we have expected from the OPE (I3.24p . 



3.3 Other processes 

Other processes corresponding to the OPEs (up to the numerical factor) 

^\z)J:\z) ■ S^(0)S^'(0) ~ S*(z)S"(^) ■ S^'(0)S^(0) ~ (3.58) 

T.\z)t.^{z) ■ S'^(0)S'=(0) ~ ^^^^r(0), T.\z)i:^{z) ■ S^'(0)S"(0) ^^"(0), (3.59) 

\/zz Jzz 



3 i 

T.^{z)T.\z) ■ SJ(0)S^(0) ~ ^^^^(0)^^(0), (3.60) 

can also be evaluated as in the previous subsection. These OPEs correspond to the fermionic 
sector of the Ql ■ Q\., Ql ■ Q\-, Hi ■ Q1, Hi - Q1 and ■ Q\ contractions respectively. Since 
all of the string interaction vertices have the identical overlapping part |V^^), we would like to 
concentrate on the prefactors hereafter. 

The tree diagram corresponding to (13.581) can be evaluated exactly in the same way except 
that instead of (I3.49p we use 

[sin]iiyi2z\^^ = ^[sinh;)?l23]^^ [sinh i ;)?i23] = « [sinh ;)?i23] (3.61) 
and instead of flD.5l) we use flD.6p . Since the contribution of the prefactors is given by 

[sinh^i23]"[sinh A23]'' = -lQyH,,5j\y) + 0{y^), (3.62) 
[sinh:)?i23]"[sinh^i23]'" = lQuH,,5,,5\y) + 0{y^), (3.63) 
the effective interaction vertices are computed to be 

{R'{?,,Q)\e-\^\^'''^'^~'''^'\^mhfi2^f 

~ -^2f /.I|ai23|-^^|i?'(l,4))|i?^(2,5)), (3.64) 



z2x^l|ai23r^^|i?'(l,4))|i?^(2,5)). (3.65) 



(i?f(3,6)|e-ra(^o +^0 )[sinhA23]"|V^'(Ui,2„„3„3))[sinhf456]'>'(4-«i,5_„„6_„3)) 

. 26 4 , ,2 5ij5^ 

2^2 
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To evaluate the tree diagram corresponding to fl3.59p and fl3.60p . a little more effort is 
required. Since the most singular term p + q = 8 vanishes in this case, we have to consider 
terms with p + q < 8. First we note that a natural generalization of (13.521) for p + g < 8 is 



jbq V / d\ --dra\-- apb\-- bq ___ 



d 



dych dyd 



(3.66) 



if we define r = 8 — {p + q). Using (13.661) and (13.531) , we find two expressions for each term of 
the polynomial expansion of the hyperbolic functions: 



p\q 



d 



Qd\---dr,Cl--C 



d d 



Tl 



'79 



(3.67) 



with (^ci - c™,di-dr g^j^j Qd^i-dr,ci-cm defined as 



f_lUp{p-i) 

f^ci---Cm,di - dr _ V / ^a.i---ap;:rCi---Cm/;,ai---apdi---dr 

till 
^ pi 



/^dl---dr,Cl-Cm 



V / ^di---drbi---bg^ci---Cm.;;,bi---bq 

t I 11' 

q\ 



(3.68) 
(3.69) 



For the computation of the tree diagram corresponding to (I3.59p . we consider the case 
p + g = 7orr = l. For this purpose, Gpi'"'^'"''^ is evaluated in Appendix D: 



Up 



'P0,m. 



0<PQ<p 

po=P mod 2 



E 4 



'PO,m. 



0<PQ<p 

po=p—l mod 2 



A^d^l-Cr, 



(3.70) 



Using (1D.7P and (]D.8p . we find the contribution of the prefactors is given by 



[cOshA23]''[sinhA23] 



''' = -8u'6,,Y^^^y{y) + o{y'), 



d 



[cosh^i23]^' [sinh = 8u's,,^Lgy^s\y) + o{y'). 



(3.71) 
(3.72) 



To translate these results into the effective interaction vertices, we need a fermionic expansion 
formula: 



5^(e + r/)e«'^' 



— - — - C 
drj 



(3.73) 



which can be proved by 



d 



d 



drf 



(3.74) 
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After plugging e = (Al + A4)^ = (A2 + A5)'' and C = -v^asliniT^+o -S^^^^^^) 
into (13.731) for our purpose, we find the expression appearing on the right hand side can be 
rewritten into 

d d 



V2a3 hm vT(,5ii(45)t _ ^ii(i2)t) 



|i?^(l,4))|i?f(2,5)) 



8X2 dXi T^+o 
= [^('^Kint) -^?('H^i,int)]>'(l,4))|i?f(2,5)), (3.75) 



with the fermionic coordinate 



^^'\^r) = A. + \[^f:({Sl + S'\) cos^^ + (^^ - Sl^) sinf^), (3.76) 

and CTi int = vrcti, cr2,int = 0. Therefore, the effective string interaction vertices corresponding 
to (13.591) are given as 

(i?f(3, 6)|e'^(^°''+^»''^ [cosh A23]''|V^'(U, 2„,, 3„3)) [sinh ^456]"'^ 

~ -r^*2f /.t|ai23r^^[^('n^int) -^?«Kt)]>'(l,4))|i?f(2,5)), (3.77) 

(/2f(3, 6)|e-^^^°''+^°''^ [cosh fi23] ''I V^'(l«,, 2„,, 3^3)) [sinh ^456] 'V 

~r^*2f;xt|ai23|-^^[^(')Kt)-^(^Hai,0]1i?'(l,4))|i?f(2,5)). (3.78) 

Here we have abbreviated ai^int and o"2,int as (Tint- 
Finally, let us turn to the effective string interaction vertex corresponding to (13.601) . We 
can easily show with the help of flD.6p that p + q > 7 does not contribute. Hence, let us 
consider the case of p + g = 6. Though it is not easy to find the value of G'^i---cm,,rfirf2 q^. 
Qdid2,ci---cm separately, we find in Appendix D that the difference can be evaluated as 



Y'']. (3.79) 



0<po<P 
PO=P mod 2 



To use this result properly, let us first combine two expressions of (13.671) into 

( /^Cl---Cm,dld2 I / l\m/^dld2,Cl---Cm , /^Ci---Cm,did2 , / 1 \ m/^rfld2,Cl ■■■Cm\ - __^__^_J\8(~\)\ 

(3.80) 

Fortunately, since we only want to consider the case with m being odd because of the index 
structure of the gamma matrices in the summand of (I3.5ip . (I3.80p reduces to the difference of 
Qci-c,n,did2 g^j^d Q<hd2,ci-c^ _ Therefore, we can apply the result of (13.791) directly to find 

[sinhA23]'^^[sinhA23]'^' - ^\l%A[l',l''''])u^,^/iy). (3.81) 
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with the help of fID.Qp . Using the formula for the gamma matrices {l'^)aj{['y'^,l'^^'^'^])bi 
^T'jl^l'^''' arrive at the result: 



[sinhA23]"[sinhA23] '=4A^,7i 



bbgya gyl 



(3.82) 



To translate our result into the effective interaction vertex, we introduce another fermionic 
expansion formula similar to fl3.73p 



d d 



which can be proved with 



— - — - c 

drj 



— - — - C 
drj 



(3.83) 



(3.84) 



Finally, using (13.831) the effective string interaction vertex is expressed as 



(i?f(3,6)|e 1-3 



[sinh 7i23]"|l^'(l.,, 2,2, 3aJ) [sinh r456]'V(4-a,, 5-„2, 



-2 3 n3 \ai23\ 



■ la-a- 'bb 



[^'^'^ (o-int) - ^^'^ ((Tint)] " [^^'^ (aint) " ^^'^ (^int)] '|i?'(l, 4)) |i?^(2, 5)) . 



(3.85) 



This result exactly takes the form expected from (13.601) . 



4 One-Loop Amplitude 

In the previous section we have computed one realization of the OPE via the tree diagram. 
Here we would like to proceed to the other realization via the one-loop diagram: the incoming 
string 6 splits into two short strings and join again into the outgoing string 3. (See Fig. 2.) 
Since most of the computations are parallel to the previous section, we will be short in the 
presentation and put the prime P' on every corresponding quantity P in the tree diagram to 
make the similarity clear. 



4.1 Bosonic sector 



We start with the bosonic sector again. We would like to compute the effective two-string 
interaction vertex 



|A"^(3,6)) = (i?^(l,4)|(i?^(2,5)|e"^^^« ) 

^^123!^ (lai) 2(12) 3o,3)).Z45g|V^ (4-Qi, 5_Q,2, 6-03)), 



(4.1) 



17 



A 




T 



5 2 



4 1 




Figure 2: Two-string one-loop diagram. 

to see whether the prefactor ^{23^456 gives the extra contribution of 1/T. As in the previous 
section, let us first consider the generating function 



The result of the generating function is 



|>i;,^(3,6)) = (det')-^/^/m6) 



,F'b(3,6,pi) 



X g/?1232(23+A562l56 + |(/^r23+^l56)«2+^123/34B66i 1^3)31^6)6, 

with various expressions denoting 



det ' = det 



-C\2 



1 _ (e"2^ A^^^'^^e~2^JI^ ) 



lim F(3,6,pi) - -(a(3)tTa(6)t + a(3)tTa(6)t) + ( lim 
+ ( hm C^) (a(3)t _ a(6)t + ^(3)t _ ^(6)t) 

Z[,, = (1 - a; - 6;)Pi23 - a'Ta(^)t + 5'T^(6)t^ 
= (1 - a[ - 6;)Pi23 - 6'^a(=^)t + a'T^(6)t_ 



Pi P3 

q;3 



Pi P3 

as 



(4.2) 



(4.3) 

(4.4) 
(4.5) 



(4.6) 

(4.7) 
(4.8) 
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Here various quantities are given as 
2/T/2-ro 



c = 2at. 



Arl2T o' (l-iVl2,12)-1^12 

C = a^(N'' + iV3'i2 o' (1 - iVi2,i2)-i^i2 



ai23 



a; = a^,,N''\C/a,,) o' (l - (iVi^'i^)^,):>^^'^^ o' 
b[ = a,,,N''\C/a^,) o' (1 - iN^'^'ro'^N'', 
4 = {au3?N''\C/a^,) o' (l - {N'^'^y^,)-' N'^'^' o' {C/a,,)N'' 
h', = {a^,,fN''\C/a,,) o' (1 - (iV^2'l2)^,);/(C/al2)A^^^ 
a'T = ai23(iV^^(C^/«3) + iVi2^(C/ai2) o' (l - (iVi^'i^)^,);,^ 
ai23A^^^^(C/ai2) o' (1 - {N''''ro'):'N'''', 



12,12^2 ^ -1 Arl2,12 jy12,3 



(4.9) 

(4.10) 

(4.11) 
(4.12) 
(4.13) 
(4.14) 
(4.15) 
(4.16) 



with o' denoting the matrix multiphcation with e~"^ inserted. Again, we dropped the 
subscript T in ct and Cj- from our previous paper [5]. To consider the effective two-string 
interaction vertex |74''^(3, 6)), we take the derivative of the generating function |74|J^(3,6)) as 
in the previous section: 



^"(3,6)) 



_d d_ 



Aj(3,6)) 



13=0 



(4.17) 



/3=0 



where in the last expression the factor (62^*'^ + ^2(23^456) should be interpreted to be in the pi 
integration of |yl^(3, 6)). 

Let us consider the short intermediate time limit hereafter. In (IB.19p . we prove that 



"123 



lim a' = lim b' 



«3 



-1 3 



t=l 



C 

at 



(4.18) 



which, as argued around (C.19) in [2J, gives the difference of the delta functions of physically 
the same point and vanishes essentially. Hence, we can concentrate on the zero-mode part 
again. Since we have 



^23 - --456 26;«3(pi - —P3 



(4.19) 



^123 ~ ^4" ~ 

because of lim7-_^o(l ~ c^x + ^i) = flB.191) . the contribution of the zero- mode part is given by 
|^"(3,6)) 



X e 



c(pi-^P3)VcT(a(3)t-a(«)t+a(3)t-a{«)t)(pi-^P3) 



(4.20) 
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Comparing b'^ ~ 0{T-^) IH^Slf with bf/c ~ O {T'^ (logT)-^) due to fin:24D and I^M, we 
find that the first term is more singular. Because of \imT-,+o{C)m{C)n/ c = [8j (See also 
Appendix C.3.), the leading contribution is given by 



The behavior of 63 (IC.23P is roughly 62 ~ — 0:123/ (2T) iii the limit T +0, so we have found 
the expected singular behavior again: 

|A'^(3,6))~2-fvr-V^I«i23|^^flog^J \R\3,6)). (4.22) 
4.2 Fermionic sector 

Let us turn to the fermionic sector of the one-loop diagram. Here we would like to compute 
the effective two-string interaction vertex 

|A'f(3,6)) = (i?f(l,4)|(i?^(2,5)|e"-^''« )e-^(^o +^0 ) 

X [cosh ^123]'' |1^'(1.,, 2,„ 3,3)) [cosh ^456] 'V(4-ai, 5_„„ 6_„3)). (4.23) 
As in the tree diagram let us consider the generating function first: 

|AJ(3,6)) = (/?f(l,4)|(i?^(2,5)|e-^("o^'+^o^')e-^(^«''+^o'') 

xe4^(<^-^^-^-'^-«^««)|V^f(l„,,2„„3„3))|yf(4_«,,5_„„6_„3)). (4.24) 

After applying the Gaussian convolution formula fll.291) . we find 

|Aj(3,6)) = (det')' / 5'(3,6) [ c/«Aie^^*^^^^^^^-'^^^'^^««^e^"(3'^)|A3)3|A6)6, (4.25) 



with various expressions defined by 

F'f (3, 6) = l5(=^^)tT^/5(36)t + fc'T^(36)t^ (4 26) 

X23 = (1 - «'i - &'i)Ai23 - -^S'^'^'^{C/as)-^a' + -^S'^'^^-'iC/a.rh', (4.27) 
^56 = (1 - «'i - &'i)Ai23 + -^S'^'^'^iC/a.yh' - -^5^(«)tT(c'/«3)-^a'. (4.28) 
Here M' and fc'""" are given as 

--G'^Vi:^'')' i-'i^a-f)' 

^'^ = -^2(0 1 i)Ai23C/'^, (4.30) 
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with the building blocks being 

B' = iV3'i2 o' (1 - (iVi2.i2)2,)-ijvi2,3^ ^4 32) 

U' = + N^'^^ o' (1 - iV^2,i2^-i^i2_ (^4 33^) 



Transforming back to the original effective interaction vertex with ( ll.lSp . we find our result is 
given as 

|A'^(3,6)) = (detO'l 5^(3,6) j d«Ai [cosh [cosh Xse] ''e^'^'''^ 1^3)3 1 A6)6. (4.34) 

Note that for T +0, we have 

lim A = 0, lim B' = 1, lim U' = 0, (4.35) 

T^+O 

which implies 

lim F"{3, 6) = z(-5i(6)tT5ii(3)t ^ 5i(3)tT^ii(6)t)_ (4 35) 

Also, due to (IB.igp which essentially means limj-^+o cl' = limT_>_|_o = 0, we have 

X23 ~ yT,e ~ y^ = -2&'i«3 (ai - ^as)", (4.37) 

where we have used A123 = A456 = q;3Ai — aiX^. As in the previous section, this relation 
implies 

^56 - K23, [cosh -t X23] = [cosh X23] (4.38) 
Hence, we can repeat the evaluation with the Fierz identity analogous to (13.561) and find 

|A'^(3,6)) ~2f/.t|ai23|-^^|i?'(3,6)), (4.39) 

with the use of (]C.26p . This expression of the effective interaction vertex gives the expected 
results from the OPE 

4.3 Other processes 

Similarly, using 

[sinh-^X23]'' = -^[sinhX23]'^ [sinh -z X23]'' = [sinh X23] (4.40) 
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and the one- loop analogues of (13.621) and (13.631) . we can also evaluate the effective interaction 
vertices 



X [sinh fi23] "'l V^'(lai, 2„„ 3„3)) [sinh n^^]'"\V\A_^,,h.^,, Q.^,)) 



— - 1 



d6"*J I of 



2^2 



^H3,6)), 



(4.41) 



(i?f(l,4)|(i?f(2,5)|e-^(^o'+^o')-^(^""+^"^) 



[sinh fi23] 2„„ 3„3)) [sinh ^456]' V(4-ai, 5_„„ 6_„3)) 



— - 1 
~ —i2 3 |ai23| 



■ ^ij^ab I of 



2^2 



(4.42) 



which again give the expected results from the OPEs in (I3.58p . 

To evaluate the one-loop diagram corresponding to the OPEs in (13.591) and (I3.60p . we need 
more efforts. Using the one-loop analogues of (13. 71 p . (I3.72p and (I3.82p . we find that the most 
singular terms in these cases do not have eight enough Ai23's to survive the Ai integration 
in an expression similar to (I4.34p . Therefore, we need to take A123 in k' (14.301) out of the 
exponential factor ^^'^^ (14.260 to compensate the Ai integration. 

An explicit asymptotic expression of U' (I4.33P is necessary, since A123 in k' (I4.30p always 
appears simultaneously with U' , when we take A123 out of the exponential part e 



F"(3,6) 



usmg 



the formulas 
d 



d_ 



-c 



d_ 



-c 



d_ 



-c 



(4.43) 



Using aj) and 6q with the definition given by flC.33P and flC.34p and the asymptotic expression 
given by flC.46P and flC.47p . we find the asymptotic expression of U' is 



b' 



a\a2 



tt3- 



«3Plog(T/|«3|) 



(4.44) 



where we have plugged in the value of g (10.640 which is determined in Appendix 0.4. 

Our final result can be summarized by the expression of the fermionic momentum acting 
on the reflector 

[A(3)(a) + A(^)(a)] |i?(3, 6)) = 5^(^"r + ) sin /^|i?(3, 6)), (4.45) 



n=l 



F3 



with the fermionic momentum given by 
1 



AM I 



0] 



lTx\ar 



n=l 



^^(^)^cos;^ + (5i^i'^)-5f))sin;^ 



\OLr 



\OLt 



(4.46) 
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The results are given by 

X [cosh ri23]''|^'(lai,2„„ 3,3)) [sinhf456]'V'(4_a„5-«„6_,3)) 

~r^*2f;xl|ai23|-^^47r[A(3)Ki.0 + A(^)Kint)]1i?^(3,6)), (4.47) 

(/?f(l,4)|(i?^(2,5)|e-^(^o^^+4^')-^(^o"+^o^') 

X [cosh ri23]''|V^'(U,2„,, 3,3)) [sinhf456]'V(4-a„5-a„6_„3)) 

~-r/*2f/it|ai23r^^47r[A(^)(a3,int) + A(^)Kint)]>f(3,6)), (4.48) 

(i?f(l,4)|(i?^(2,5)|e"^^^o ^ 

X [sinh fi23]"|yf(l„i, 2„„ 3^3)) [sinh ^456]' V'(4_ai, 5_«„ 6_„3)) 

~ 2T;,l|ai23|-^^4vr[A(3)(a3,nt) + A(^)(a3,i.t)]"4vr[A(=^)(a3,i^^ 

(4.49) 

with o"3^int = 7ra2, which match exactly with the OPEs fl3.59p and fl3.60p . 



5 Conclusion 

In this paper, we have completed our previous attempts of realizing all the OPEs in MST 
using the interaction vertices in LCSFT. We have found all the diagrams reproduce the correct 
OPEs and established the correspondence between LCSFT and MST. Especially, we find the 
OPEs dsn]), (K2^ . fl338|) . (1339|) . (I330|) are realized by the tree diagrams in ([323]), fl3371) . 
(ESU), dMSD, (IXTTj) . (I378D . (13:851) and the loop diagrams in ( Km . flCTj) . (ICTD . flCTj) . 
f l4.47p . (14. 48 p . (14. 49 p . It would be interesting to understand the relation between our current 
computations and those in [TT] where the Veneziano amplitude was reproduced from MST. 

We have to confess that we do not fully understand why the holomorphic quantity 6°'{z) and 
the anti-holomorphic quantity 9'^{z) in (13.590 and (13.600 are realized as '(9''^^(o"int) — '*?*^^''(o"mt) in 
the tree diagrams while as 47r[A^^''(cTint) + A'^^^(crint)] in the loop diagrams. Roughly speaking, 
two sets of fermions are separated as holomorphic 6"-{z) and anti-holomorphic 6°'{z) in MST 
while their linear combinations play the role of the fermionic coordinate t9(o") and the fermionic 
momentum A(cr) in LCSFT. But we cannot make the exact correspondence clear. 

Aside from the main result, we have several comments. First of all, the notoriously com- 
plicated prefactors in LCSFT are put into much simpler expressions (Il.lll) - (ll.l3p . As in 
Appendix A, using these expressions, the supersymmetry algebras are shown easily. We hope 
these expressions will make LCSFT more accessible to non-experts of the subject. 

Secondly, we have performed the computation of the tree and one-loop diagrams. At first 
sight the computation in the fermionic sector seems impossibly complicated. Fortunately, 
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since the result of the generating function does not have the squared term of the source, we 
can perform the inverse Fourier transformation without difficulty and write down the result 
exphcitly. We hope this fact will enable other important calculations in LCSFT. 

Having acquired enough information of the first order interaction term, we would like to 
turn to the contact terms next. We wish to report progress in this direction in the near future. 



Acknowledgments 

We would like to thank S. Dobashi, S. Fujii, J. Gomis, H. Hata, K. Murakami, S. Rey and 
S. Teraguchi for valuable discussions and comments. Discussions during the KEK Theory 
Workshop 2006 and the YITP workshop YITP-W-06-11 are useful. We are grateful to the 
organizers of these workshops. S. M. would also like to thank Kyoto University and KEK 
for hospitality where part of this work was done. This work is supported partly by Grant- 
in-Aid for Young Scientists (#18740143) from the Japan Ministry of Education, Culture, 
Sports, Science and Technology, partly by Nishina Memorial Foundation, partly by Inamori 
Foundation and partly by funds provided by the US Department of Energy (DOE) under 
cooperative research agreement DE-FG02-05ER41360. The calculations of various Neumann 
coefficients using Mathematica were partly carried out on sushiki at YITP in Kyoto University. 



A Prefactors 

In this section, we would like to recapitulate the prefactors of the Green-Schwarz-Brink light- 
cone superstring field theory. The prefactors were thought to be notoriously complicated. We 
would like to show here that we can simplify the expressions of the prefactors in our new 
notation. First of all, we note that due to the triality of SO (8) we can construct the gamma 
matrices with the spinor indices 

r ^ (4 ^) . (A.1) 

by the gamma matrices with the vector indices 7?^ = 7^^ = 7^^. Here we have used i,j,k,--- 

to represent the vector indices, a,b,c,--- to represent the spinor indices and d, 6, c, ■ ■ ■ to 
represent the cospinor indices. The new gamma matrices with the spinor indices satisfy the 
standard anti-commutation relations: 

If we define X 
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using the modified gamma matrices 7", we find the comphcated prefactors of Hamiltonian 
and two supercharges, v^\Y), s^°'{Y), P°'{Y) as well as the auxiliary quantity m"'^{Y) can be 
written as 



V 



\Y) = [coshf]'^ m''\Y) = [coshf] (A.4) 
s'\Y) = v/^^[sinh ~s'\Y) = ^y^^fsinh fY', (A.5) 

where the indices of the function are consistent because cosh is an even function while sinh is 
an odd function. 

Let us show that the supersymmetry algebra can be proved easily with our new notation 
hereafter. The derivative and the Y"' multiplication are paired into two anti-commuting 
operators and -D*". We shall modify the definition of two anti-commuting operators slightly 
by 



D'^ = ^^l_!^Dl, D*" = -^/^i^D^, (A.6) 



with 



. ^ J_ ± J^rt*Y\ (A.7) 

Then we can easily find how the operators D*^ act on cosh X and sinh X ■ Since the derivative 
d/dY"' can act on any X in the polynomial expansion of the hyperbolic functions, we need a 
formula to bring 7" to the most left side or the most right side of the expression. By iterative 
use of (IA.2p . we find 



-ai23 V -ttl23 



-"123! d U£A r\ / ^ ^*^^av^k-2 



= (-1)''-^ J^-^^^ - k{k - 1) X''~y ^—r]*Y''j , (A.9) 

for k = 1, 2, ■ ■ ■ . The results of the computation are given as 

Dl [cosh X] = [T sinh X] '\ [cosh X] = - [(sinh X)T] '^ (A. 10) 

D^[coshf]"'= [7"sinhf]''', [cosh f] = -[(sinh (A.ll) 
Dl [sinh X] " = [7" cosh X] ^- [sinh X] " = [(cosh X)T] (A. 12) 
Dl [sinh X] " = [7" cosh X] ^- [sinh X] " = [(cosh X)T] (A. 13) 
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which imply 



7^ CI a /'\ /'\ 
D v^{Y) = 


1 ■ . . 

7 1.(1 /T /"\ T~\^Cl I,! /T /"\ 


7 


(A.14) 


D''nf\Y) = 


= -^iL^\Y), D*^nf\Y) = 




(A.15) 


D^'s'^iY) = 


--^iLvHY), D^^s^^Y) - 




(A.16) 


D^S'\Y) = 


^7>^^(F), D*-S^\Y) = 




(A. 17) 



Using (1A.16I) and (1A.17I) we can further show 

V2«i235,,t;^^(F) = ili,D'^^\Y) + ii'^J)''s^\Y) = -ilLD*'~s=\y) - il'^D^'s^^Yl (A.18) 

V2a,,,5'^m'\Y) = jLD^~s'\Y) + iI,D^~s'\Y) = ii^D*'^s^%Y) + Y^^D*^s^%Y). (A.19) 

All these formulas are sufficient to prove the supersymmetry algebra. 



B Neumann coefficient matrices 
B.l Convention 

We would like to present the definition of various Neumann coefficient matrices in this ap- 
pendix, in order to fix the convention used in this paper as well as to make preparations for 
the next appendix. 

In [T] the overlapping condition was rewritten in terms of the mode expansion and the 
matrices A^^\ A^'^\ B and C were introduced as 

{A^^)mn = \ —- — da2cos — cos = \ —- — da2sm — sin , (B.l) 

V m nai Jo ai as ]/ n vras Jo ai as 

{A^')mn = \—- — da2cos— ^cos 



^ \ (icr2sin^ ^ sin , (B.2) 

2(-l)'"+i r'^\ ma 2(-l)'" ma ,^ , 

(B)„ = / da cos = 2_ ' — / da cos , (B.3) 

{C)mn = mSmn- (B.4) 

In terms of these matrices, the Neumann coefficient matrices are given as 

^r,s ^ ^rs _ 2A^r)Ty-'A^-'\ N^^ = -A^'^'^T-'B, T = 1 + + (b.5) 
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if we define {A^^^)mn = ^mn in addition. It was found in |T] by explicit computation that these 
matrices satisfy the relations (r, s = 1, 2) 

_ ^A^r)T(j^is) ^ ^^^^^ A^r)Tc^ ^ -a.a^B^CB = 1, -^A^^ ^ ^(«) = 5^ ^ , 

03 2 Ur C C 

3 3 

y a.AwiylWT = -a.a^a.BB^, V -A^'^CA^'^'^ = 0. (B.6) 

As was pointed out in [8], [T2] , these relations can simply be interpreted as the unitarity of the 
overlapping transformation between the incoming and outgoing strings where no information 
is lost. Due to flB.6P we can also prove the following relations without difficulty. 



jyr.t^t,. _ ^^^^^ J2 N'^'N' = -N'. (B.7) 
t=i t=i 

As in [I3], we adopt 

{A^''Y' = -{C/a^,)A(''^^C/a,)-\ (B.8) 

to be the inverse , since we can show that it is a right inverse as well as 

a left inverse by applying (]B.6|) . 

B.2 Tree diagram formulas 

Here we would like to prove some preliminary formulas 

lim a= lim b = 0, lim ((1 - ai) - h) = 0, (B.9) 

which appear in the main text and will also be necessary in the next appendix. 
Using flB.7p we find that 



lim aT = ai23fA^'''^— + A^'^— iV'''(iV'''')~'Y (B.IO) 



lim = ausN^^' — iN'^^T'- (B-H) 
With the help of the expression for A^*"'* in (IB.Sp . we can put the above two expressions into 

lim = a^23(N''''— - -N'^ ^TiA^''^"^)-' + N'^^ -(A^''^^)-'] , (B.12) 
T^+o V ai2 2 ^3 ^ ^ 03^ ^ J 

T^+O 2 03 ^ ^ ^ ' 
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If we plug in the expression for fiRsD we find the first term and the last term of flB:i2D 

cancel each other. Therefore both the expressions (1B.12P and flB.13|) reduce to the same form. 
Furthermore, if we plug in the expression of r dEI]) and ([Kg]), we obtain 



lim = lim 



"123 



limj(l - aO - 61) = 1 - ^B^^CB. 



T-»+0 



Since computation of TCB with ( IB.SP and ( ]B.6p leads to TCB = CB, we find 



B^-CB = B^CB, 



which combined with flB.6P implies the second formula. 

B.3 Loop diagram formulas 

Let us turn to the proof of 



lim a'^ = lim b' 



/T _ 0^123 



t=i 







'C 


-1 






.«3. 





(B.14) 



2 V ai2 03 

As in [1], from the definition of T fIB.Sp . we can easily compute TCA^^"^^ using (IB. 61) : 

rCA(i2) = _ c,3A(i2)c/ai2. (B.15) 
By multiplying B'^T~^ from the left, we find finally 

lim = lim = 0^. (B.16) 

For the second formula of (IB. 91) let us repeat our formal computation: 



[B.17) 



(B.18) 



, ^lim^((l-a;) + 6;) =0, (B.19) 



in this subsection. The proof is parallel to the previous subsection. For the first formula, we 
find both of the expressions reduce to 

lim a'T = hm b'^ = -^N^^^^ — (A^''^)-'r. (B.20) 



Plugging the expression of F and (A^'-^') ^, we nnu ine rebun uues 1 
(IB.19P this time. The second formula can also be proved similarly. 



T^+o 2 ai2 

i^)"!-! wp find the result does not vanish but gives instead 
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C Small time behavior of the matrix products 



C.l Tree diagram formulas 

In this subsection we would like to evaluate ai, bi and 62, which is necessary for our analysis 
of small intermediate time behavior of the tree diagram amplitude. Let us define as in [T3] 
(^,J>0) 



ttij = a 



Then, according to [13] we can show that these quantities satisfy the relations 





^ 1 








d _ 


as 






d r 


«3 


dT 



using the decomposition formula [T] 



C C 



-aia2a3—N''N'^—. 



Combining with our results from the bosonic case [8j 

T 



__5_ 1 

det ~ 2 12 /x6 



|ai23 



1/3 



- Ot\OL2 T 

bo,o 2 — 2- log 1 — r 



we have especially 



1 — ai = 1 — 
62 = aia2^i,i 



' 2aia2 {asl 

^1 



h = &i,o 



ai23 
' 2T ' 



(C.l) 
(C.2) 



(C.3) 
(C.4) 
(C.5) 

(C.6) 



(C.7) 



(C.8) 
(C.9) 



C.2 Loop diagram formulas 



As the Neumann matrix products fIC.ip and flC.2l) are defined in [H] to analyze the tree 
diagram amplitude, let us define 



(C.IO) 
(C.ll) 
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for the loop diagram amplitude. These quantities satisfy the following identities: 

d 

a/oIo^^ log det ' = -a'l 1, 
which imply especially the following relations: 



aia2^1ogdet' = -{b[^if 
aia2^(ao,o + K,o) = Ki iKo " (1 - «'i,o))' 



^/a^— (6; - (1 - «i,o)) = (Ko - (1 - «'i,o)) • 
Combining with the results from our bosonic analysis [8J, 

T 



— c det ' ~ 2 12 /i 



1 1 

6 



I "123 



1/3 



log- 



T 

l"3| 



a3(T-2ro) 2^3 , 
c = \ (g, 



aia2 



0,0 ^0,0)5 



(C.12) 
(C.13) 
(C.14) 

(C.15) 
(C.16) 
(C.17) 

(C.18) 
(C.19) 



we find that the quantities a[ = a[ q, b[ = b'l q and 62 = -^cna;2«3&'i 1 appearing in the main 
text should satisfy 



3_ 

"123 

aia2 d"^ 



4T2 
:C = 2 



1 + 2 lo 



T 

l«3| 



2 log- 



T 

l«3| 



-2 H 



+ 



1 92 



2(9T2 



log(-c), 



as ai23 
Q123 d 
h'o dT 



{b\-{l-a\))=b\-{l-a\). 



(C.20) 
(C.21) 
(C.22) 



Solving the asymptotic behavior by first adopting the ansatz of the Laurent expansion of T 
and then correcting by the Laurent expansion of log T, we find that 

T 



b\ - (1 - a\) 
aia2 



9 



: ( log - 



"3 



-c ~ -5f lo, 



V^V l"3| 

-1 



«123 



1 

T 



' 1 




-1 -1 








,2 + 







T 

l"3| 



(C.23) 
(C.24) 



where g is an undetermined constant independent of the intermediate time T. Moreover, due 
to flB.191) . we find explicitly 

rp \ ~i _ / rn \ -1 



9 



(log- 



2vr V F3 



1 -a'l 



9 



(log 



2VT V l«3 



(C.25) 
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Note that a combination 1h\l does not depend on the undetermined constant g. Com- 
bining with (]C.18|) we find especially 



(26;det 

which appears in the main text. 



|ai23P/=^T2 



a\a2 
as 



(C.26) 



C.3 Some Identities 



In this subsection let us make a small digression to clarify several relations of the Neumann 
coefficient products. As a result, among others, we will show 



lim 



(C)m(C')r 



0, 



(C.27) 



which was conjectured in [8] and is also needed in our computation in (14.2 ip . Our result in 
this subsection will also enable the evaluation of g in the next subsection. 



We start with proving 



(C.28) 



Our strategy is basically the same as the derivation of the differential equations flC.3p - flC.5p 
and flaT2D - flal4D . First of all let us rewrite follows: 



c 



N 



12,12 



ai2 1 - (iVl2,12)2 



+ 



12,12 



C 



(^12,12)2^^2 



N 



12 



(C.29) 



Here (until flC.3ip ) note that o' in the multiplication between Neumann matrices is implicit. 
We omit it shortly just to simplify our notation. The key point is to regard the decomposition 
formula flC.6P as an anti-commutation relation between the Neumann coefficient matrix A^^^'^^ 
and C/ai2 and move C/au all the way from the right to the left. The quantity in the square 
bracket of f ]C.29p is given as {Cu = C/au) 



[■■■] 



+ ■■■ , 



A^12'12c,2(iVl2a2^2 



)2 _ JVl2,12^^^(^12,12y2 _ (^12,12)2^^^^ 



rl2,12 



12,12\2^ Arl2,12 I ^ Arl2, 12)3^^2 



(C.30) 



which can be resumed into 

[■■■] = - 



"123 



1 - (Arl2,12)2 



1 



A^ 



12,12 



c 



1 - (Ari2,i2)2 



jYl2jYl2T 



ai2 1 - (Ari2,i2)2 

C N^^'^^ 
^1- (Ari2,i2)2 



(C.31) 
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where we have used the decomposition formula flC.6p . This imphes that flC.29p can be ex- 
pressed as 

a[ = \{-{h\f + {a\f). (C.32) 

which is exactly what we want in (lC.28p . 
Similarly, if we further define a'^ and b'^ as 

a'^ = aia2(^N' + N^''^ o' (l - (iVi2.i2)2,) -1^^12,12 ^> ^12^^ (^.33) 

b'^ = a,a2iV3.i2 o' (1 - (iVi2.i2)2,)-ijvi2^ ^C_34) 

we can prove the following formulas algebraically, 

a — CttQ = a'a[ — b'b[, (C.35) 

b' + Cb'^ = -a'b[ + b'a[. (C.36) 

Using flU.28p . we can solve these equations for a' and b': 

a' = {1- a[)Ca'Q + h'^Cb'^, (C.37) 

b' = -h[Ca'^ - (1 - a\)Cb'Q. (C.38) 

We have found several algebraical formulas thus far. Let us turn to the proof of the formula 
flC.27p . Noting C can be expressed as 

^ X + &o), (C.39) 



aia2 



let us study the short intermediate time behavior of a'^ and bg. Our strategy is as follows. We 
first consider the derivatives of a'^ and bg. From the experience of the previous two subsections, 
we know roughly the results should be given by a' and 6', which are expressed again by a'^ 
and 60 by flC.37p and flC.38p . Therefore we can solve the differential equations explicitly. 

Similarly to the previous two subsections, we find that 

a,-^a', = b% = -ib'.fCa', - (1 - a',)b\Cb',, (C.40) 
«3^b'o = -b\l - a[) = (1 - a[)b[Ca', + (1 - a'.fCb',, (C.41) 



where in the last equations we have used flC.37p and flC.38p . Plugging the small intermediate 



time behavior of 1 — a[ and b'l flC.25p . we find 



rflog(T/|a3|) ° 4a3(log(r/|a3|))' 

:&o-- , . ,^,2 C{a'o-b',). (C.43) 



rflog(T/|a3|) 4a3(log(T/|a3|))^ 
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These differential equations imply that af, — 6q is T- independent at the leading order. Using 
flRTl) we find 

2 

a'o -b'^^ aia2Y^j^N^ = -aitta^, (C.44) 
a'o + b'^r^ 0, (C.45) 

in the exact limit of T +0. Plugging ^UA^ back to fin:42|) and flUIlSD . we find the 
expression for a'^ and b'^: 

° 2 4«3log(T/|«3|) ^ ^ 

2 4a3log(T/a3) 



which implies 



C -^^-——CB. (C.48) 

21ogr/a3 ^ ' 



The final result shows flC.27p . 



C.4 Evaluation of g 



In order to obtain explicit formulas corresponding to fl3.59l) and fl3.60p for the one-loop diagram 
in LCSFT, we have to evaluate the constant g, which appeared in Appendix IC.2I Here, we 
determine it by computing a one-loop diagram with two gravitons inserted in two ways, using 
respectively bosonic LCSFT and the a = p'^ HIKKO string field theory [15], and comparing 
their results. Note that in [S] we applied the same method for a one-loop diagram with two 
tachyons inserted to determine Kt = yU*^(47r)~^^|-v/^det' |~^^ or ( jC.181) . 

Let us consider, in bosonic LCSFT, a contraction of two graviton states {(r,—K\ — 
QH-KWi^'o'^I^^ , (r = 3,6) with klC? = 0,C = Q\C?5ij = and |5(3,6)), which is given 
by (34) in [8j. It is evaluated as 



(C3,-A;^|(C6, 



-mi?(3,6))~CC6'' 



2c 



+ 6''6 



(C.49) 



for T — > +0, where Kt appears similarly to the computation of the one-loop diagram with 
two tachyons inserted [S]. From flC.48p . we have 



sin^(7rai/|a3|) 



27r2|Q;ia2/a3| -log(T/|a3|) 
which implies that we can determine g from the evaluation of ( 1C.49I) . 



(C.50) 
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Including the light-cone directions and the level matching projection, the total amplitude 
for the one-loop diagram with two gravitons is computed as 

T36 = (C3, -ksliCe, -fcel (i?^^(2, 5)| (/^^^(l, 4)| A^A^Il^^^ll, 2, 3)) |FLC(4, 5, 6)) 



j^dT I da,j'^^j'^{2^f5{k^ + k,)5{kt + kt 



47raia2 

X (C3,-A;^|(C6,-A:^|i?ei,e.(3,6)), (C.51) 
where is the propagator combined with the level matching projection: 

" -2ptvV + Lt^+Lt^ Jo 2.' ' ^^-^'^ 

and \Bg^fi^{?), 6)) is the effective interaction vertex rotated from the original one |-B(3, 6)) with 
|5,,=o,e.lo(3,6)) = |5(3,6)). 

The above on-shell amplitude T36 can be also obtained in the framework of the a = p"*" 
HIKKO string field theory: 

Tae = (C3,-A:3|(C6,-A:a|(i?"-^(2,5)|(i?"-^(l,4)|-^^ 

X |l^"=P^(l,2,3))|y"=*'^(4,5,6)) 

r°° r df) r do i 

dT, / drA-^i -^(C3,-fc3KC6,-A:6Ki?"=^"(2,5)|(i?"=P"(l,4)| 

Jo J 271 J 2tx aia2 

X |l^"=f^(l,2,3))|\/°=P^(4,5,6)), (C.53) 

which includes the ghost part in addition to the light-cone directions. We calculate it using 
the CFT correlator on the torus u-plane (M~M + l~u + r): 



(C.54) 

where is given by a contour integral on Ci in the w-plane, which is denoted in Fig. 3 |8] 
for a pure imaginary r, and V"^^fc(-u,-u) is the graviton vertex: 

bii) = f ^ai^b(u), Vckiu,u) = -C^c(u)c(u):tdXUu)tdX^(u^^^^ (C.55) 
27n dp ' 4 

Note that here we have used the on-shell condition for the graviton vertices: ki^k^^ = k^k^^ = 0. 
The light-cone diagram (p-plane) can be obtained from the torus w-plane by the generalized 
Mandelstam map: 

= «3 log— —- + 2m u], C.56 

\ Vi{u — U3\t) Imr / 
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with I as I = kt and f/3 + f/g = 0. It is related to the parameters on the hght-cone diagram as 



p{u + 1) — p{u) = —2iTiai, 

p{u + r) - p{u) = T2 - Ti - 2(02^2 - tti^i), 

p{u-) - p{u+) =T2 - ia202, ^^^^^^ = . 

au 



(C.57) 
(C.58) 

(C.59) 



From the exphcit computation with the a = p'^ prescription, which provides S{Iie{p{u + r) 
p{u))) = 6{T2 — Ti) in the integrand, flC.54p can be rewritten as 



X 



aia2 

-48 



g[{u+ - Ug\t) - g[{u+ - Us\t) (Imr)4r^(r) 



ij/-kl 



TT 



Imr 



I ^ik 



TT 



Imr 



+ g'i{u^-u,\r) 



(C.60) 



with g'^{v\T) = dl log^9i(z/|r). The factors in the second and the third line are functions of two 
complex parameters r, f/3 — f/g, which are related to 4 real parameters T(= Ti = T2), ai, 61, 62 
by (fClBTD . (IClBHll and (!Cl59D . 

Similarly, for the one-loop amplitude with two tachyons inserted we fincfl 



Lq + Lq 



r{2) , r(2)' 2 



X |l^"=P (l,2,3))|l^"=P (4,5,6)) 
00 p 
dT / (iai 



dOi f d62,^ \26x26/r . I \ Q^iQ^2 



(C.62) 



g[{u+ - t/elr) - g[{u+ - t/glr) (Imr)4r/(r) 



-2 



-48 



^i(f/6-f/3|r) 



For ^1 = ^2 = 0,T ^ -fO, the extra factor of the integrand in flC.60p compared to that in 
(IC.62D can be evaluated as 



/-ij/-kl 



TT 



Imr 



ij /-kl 



C3 Ce 



TT 



Imr 



3r 



2- 






X 



^ (im(i7,,-i7R))2 9^t9i(i^|r)|^=o 



^9i(t/6-t/3|r) 



iii:ik( sin2(7rai/|a3|)^ ^ 



V-log(r/|a3|) 



+ 5''S 



I xik 



(C.63) 



"'^ Because we have included the level matching projection which was omitted in [8], we can reproduce a 
modular invariant measure by computing the Jacobian using (|C.57[) . (jC.58[) and (jC.59[) : 



r I ddi f de^ a^a^ , , 1 

Jo '^j'^-i^f^^^---^ 



2tt 



d\dxdy \g[{u+ - C/eIr) - g[{u+ - C/glr)!' (•••)• (C.61) 



Here x, y are real parameters defined hy — Uq = x -\- yr. However, we have only to use the expression of the 
integrand for 61 = 0,02 — 0, namely without projection, in the evaluation of Kt {T — + -1-0) in [8] and g here. 
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Comparing this factor with fIC.SOp and flC.49p . we finally obtain 

^ = y27r|aia2/a3r^^- (C.64) 

D Formulas for the gamma matrices 

Here we would like to prove the formulas f l3.70p and (13 .790 first. The point is to find a recursion 
relation. Multiplying (13.540 by ^''■^'"'^^ and using the gamma matrix product formula (See e.g. 

m) 

where [■ ■ ■ ] denotes the anti-symmetrization of the indices, we find the recursive relations for 
small r: 



— (J'p,ml 7 — "p-l,m7 7 + <-^p-2 5 l^-^J 

QCl---Cm,dld2 Qdld2,C\-- Cm _ ^ ^^Cl-'-Cm ^(il(i2j _|_ QCi---Cm,did2 Qdid2,Ci --Cm g-^ 

Using these formula recursively, we can prove (I3.70p and (I3.79P without difficulty. 

For the explicit computation of Gp^'"'^""'^ and G'ci- c™,did2 _ Qdid2,ci -cm ^ need several 
summation formulas of dp^m- For this purpose first we note that dp^m has the residue formula: 

^' ^ ^ X=o2vri y ^ ! y ! (p_s)!(8_m-p + s)!s!(m-s)! 

(D.4) 

Using this expression we find we can show the following formulas. 

4 

y d2q,m = 128(5^,0 + 5^,8), (D.5) 
<?=0 
3 

^'^2g+l,m = 128((5m^o " ^m,8), (D.6) 
<?=0 
3 q 

d2qo+l,m = 320{5m,0 " (^m.s) " 32(5^,1 - Smj), (D.7) 

9=0 90=0 
3 q 

J2 Yl ^2?o,m = 256(5^,0 + 5^,8) + 32((5™,i + 5^,7), (D.8) 

5=0 go=0 
2 q 

y y d2qo+l,m = 192((5m_o - ^m,8) " 32((5m_i - (J^j). (D.9) 



5=0 50=0 
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